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Abstract. Spontaneous breakdown of C, P, CP, T, CPT and G symmetries of the scalar field 
with a conformal coupling is shown to lead to the absence of an initial singularity in an 
open-type homogeneous isotropic cosmology. Considering a cosmology with a A term, the 
conclusion about the absence of a singularity is not changed. We treat a self-consistent 
system of gravitational and scalar fields. 

At the present time the problem of a singularity in a cosmology is of great interest owing 
to many attempts to calculate quantum effects at the early stages of the evolution of the 
universe (see for instance Stanukovich (1965)). The most interesting effects, which, in 
principle, may prevent a singularity, are particle creation by non-stationary gravita- 
tional fields, filling the universe. 

We are going to treat spontaneous breakdown of symmetries in the framework of 
the self-consistent system of equations of the Einstein gravitational field and a scalar 
field with a conformal coupling and self-interaction. This system (without self-inter- 
action) was suggested by Bronnikov et a1 (1968) and Callan et a1 (1970). In this work 
we shall prove that the account of the vacuum properties leads to radical cosmological 
consequences, i.e. to avoidance of a singularity. Earlier Melnikov and Orlov (1979) 
have shown that cosmological singularity is avoided if there is C invariance spon- 
taneously broken in our universe. Here we shall treat neutral and charged cp-fields, 
both massive and massless. 

Let the Lagrangian be L=L,+L,, c = R =  1, where L, = (R - 2 h ) / 2 k ,  A is a 
cosmological term, 

L, = g*PV,cp*VVpcp-(m2+R/6)cp*cp-~A(cp*cp)2. (1) 
The sign of the curvature tensor is chosen as in Chernikov and Tagirov (1968). The 
treatment will be carried out in the metric of an open-type cosmology: 

ds2 = a 2 ( 7 )  ( d q 2  - dr: - r: (do2 + sin2 0 dcp:) 

where the preferred cosmological time t and a variable q are connected by dt = adq. 
The equation of the scalar field obtained from the initial Lagrangian is 

Up + ( m 2 +  R/6)cp +$Acp*cp2 = 0.  (3) 
The gravitational field is considered to be classical, but cp-field quantised (Bronnikov 

eta1 1968, Callan eta1 1970), so in the right-hand side of the Einstein equation we have 
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the vacuum expectation value of the energy-momentum tensor (Grib and Moste- 
panenko 1979). The Einstein equations with so-called ‘modified’ energy-momentum 
tensor Tys), correspond to our Lagrangian (Chernikov and Tagirov 1968): 

RL -3SZR +SLh=-k(OITrs),/O). (4) 
If we neglect vacuum fluctuations according to Lee (1974) and take into account the 
homogeneity of the metric, we may write 

(Olq*(x, 7710) -(OIdx, dI0) = ( O l d O ,  m= (3/A)”’f(77)la(77) ( 5 )  

where, for simplicity, we put a phase of the vacuum expectation value equal to zero. 
Using (9, we obtain the scalar field equation in the form (6a)  and the (:)-component of 
the Einstein equations when using (2): 

j ’+(m2a2-1) f+f3=0,  (6a)  
$U - ;U - $ha 4/4 = ( k / 6 ) ~  4 ~ s (  q), (6b) 

where the scalar field’s energy density (Grib and Mostepanenko 1979) is 

~ ~ ( 7 )  = (3f2/ha4)(m2a2- 1 +f2/2+f2/f2),  (7) 

Suppose that a non-singular cosmology will take place if the universe is filled by the 
scalar field, i.e. let us search for a solution of (6) up to 77’: 

f = F ( l + x q  +y2q2) ,  (8) 

(9) 
2 a =a,(l+zq ). 

Substituting these solutions in (6) and comparing coefficients of the same degrees of 77, 
we obtain 

x =o ,  (10) 

(11) -y: =z(m a, ,- l)+F:/2,  

(12) F: = i ( 1 - m 2 a k ) r 3 [ ( 1 - m  a ) +12m a ,~ , ] ”~ .  

The signs of y2, v and F2 correspond to the signs before the root in (12). From physical 
considerations, 

1 2 2  

2 2 2  2 2  

F: > 0 ,  v+ > 0 ,  (13) 
because we put a phase of vacuum expectation value equal to zero and because of the 
universe’s expansion. The restrictions (13) lead to 

0 < m 2 k ( l  - m 2 a i ) / 3 h  +[1 +$(h/m2)m2ak] /2  < U+, 
O <  v - < m 2 k ( l - m 2 a i ) / 3 A  +[1 +$(A/m2)m2a$]/2, 

v - < ( l - m  a,) l m  a,4. 2 2 2  2 2  

Then v is given by 
v ={[1 + $ ( A / m 2 ) m 2 a ~ ] / 2 - m 2 k ( l  - m  2 2 2  a,) /4h +m2ak +(A/m2)m4ak/6}  

~ { ( l - m ~ a ~ ) - m ~ a k m ~ k / h ) - ~ .  

Let us denote m 2 a i  = r and n = m2k/h;  then we have the equation for r 

r4e4 + r3e3 + r2e2 + re1 +eo  = o 
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r 'o - ' ' :  10-2 

where 

2 

f i  1 

e4 = 5n2/4+n3+ (A /m2)2 (1  + 2 ~ / 3 ) ~ - ( A / m ~ ) ( 7 n  +8n2+2n3) ,  (17a) 

e3 = (A/ m 2)(4n 3 / 3  + 6n + 3 2 4  3 + 6 )  - (3n + 10n + 7 n ) ,  (176) 

e2= 5n3+16.5n2+20n +9- (h /m2) (7n /3+2n2) ,  (17c) 

el = - (n3+8n2+7n) ,  eo = 5n2/4.  ( 1 7 4  
(16) is the equation for a definition of a scale factor of the initial state a,. We see from 
the scalar field equation (6a)  that the spontaneous breakdown can exist only at small 
times, and only then when 

O < r < l .  (18) 
The case with tachyons, i.e. r < 0, will not be treated. The energy density (7)  takes the 
form 

E ( V )  = ( m 4 3 / A ) ( E ~ + E 2 ~ 2 ) ,  (19a)  

(19b) Eo = ( r  - 1 + F2/2) (F2/r2) ,  

E 2 = [ ( y 2 - v ) ( r - l + 2 F 2 ) + y 4 + 3 v ] ( F 2 / r 2 ) .  (19c) 

A / m 2 = 0 ,  * l ,  (20) 
n = ( 1 , 2 , ,  , , , 10)1Ob, (21) 

We solve the equation ( 1 6 )  using a computer, for the values of n and A / m 2  

b = -2, -1, 0 ,  +l.  

Then it is possible that we may obtain two branches of solutions, for example: F!, v-, y :  
and F:, v+, y !  and also Eo, E2 corresponding to them. Below we adduce the diagrams 
of them as functions of n and h / m 2 .  These branches are given by two solutions of (16 ) .  

n 
10-2 10' I00  10' I 0 2  

-10-1 1 

IO-311 
10-2 lo-' 100 IO' 102 

n 

Figure 1. Curve (1): (+) branch, i.e. F:, v+, y ! ;  curve (2): (-) branch, i.e. F!, v-, y :  (see 
the sign before the root of (12)). The point A lies in the interval of coordinates 4 < n < 5; 
-1.27<E0<-1.15. The shape of the curves does not vary appreciably with A / m 2 ,  so we 
plot the curves only for A / m Z  = 0. 

- io5 
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1 0 ‘  

lo0 2 

n n 

Figure 2. Curves (1) and (2) as in figure 1. 

In the general case, the number of branches is equal to the number of solutions of (16). 
The calculations showed that the curves for A / m 2  = rtl are only slightly different from 
the curves of the case A/m2 = 0. 

We see that different branches exist for all A/m2.  We postulate: a branch with the 
lowest energy density, for fixed A/m2,  near the initial state corresponds to a physical 
reality. Thus, to define the law of the scale factor evolution, it is necessary to choose at 
first the lowest energy state at the graph of ‘energy’ Eo(n, A/”) near 7 = 0. This 
energy state is at the (+) or (--) branch (see (11)-(14)). By the chosen branch one finds 
the values of the functions r, yz, F2,  Y, Ez,  corresponding to the initial lowest energy 
state, at the rest of the graphs. The computation showed that the state with a minimal 
scale factor (for given, fixed n and A/”), i.e. the state of maximal compression, 
corresponds to the state with the lowest energy. However, the acceleration of the 
universe’s expansion from this state would be less than if the universe had expanded 
from a higher energy state. If we chose n and A/m2 such that the initial energy state is at 
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the point of intersection of the (+) and (-) branches, then it is natural to believe that the 
state with a greater amplitude F2 is realised, 

Note that our calculations are valid at time 77 < 776, where 

776 = min((v(n, A / m 2 ) ) - 1 / 2 ,  (Iy-'(n, A/mz)l)' '2).  

It is easy to see from physical considerations that the computation is valid until the scale 
factor variation is small compared with the scale factor of the initial state. Moreover, 
the scale factor of an initial state depends on the parameters n and A / m 2 ;  hence the 
characteristic time of the scale factor variation 776 must also depend on these 
parameters. When putting the energy ~ ~ ( 7 7 )  equal to zero, we may correctly find the 
symmetry restoration moment, provided that 

q:(n,  A / m 2 )  = -Eo/E2<< 7;. 

If 7: < 77; then one may state that the value qr is found correct to the order of 
magnitude. From figures 1 , 2 , 3  we can see that for any n and A / m 2  it is possible to find 
rlr to the order of magnitude. When n L 5 the symmetry restoration moment is found 
reliably. Then qf/q; -0.1. 

Now we present some examples of our computation. Suppose that masses are fixed 
and ]AI = cm-2. Then our calculations are correct for the following values of A : 

Planck mass m = cm-': IO-' < A  < lo2 ,  

baryon mass m = loT3 cm-': < A  < 

graviton mass m = cm-': < A < io-11o. (22)  

For example, let us take the field with baryon mass and A = Then A / m 2 =  
0 and n = 100. For these n and A / m 2  the lowest 'energy' level of an initial state 

is at the (+) branch: Eo = -1. By the given (+) branch we find at the (+) branch of the 
graph r ( n ) :  m 2 a i  =0.011; of the graphs y 2  and v ( n ) :  v=lOO, 72 =0.01; of the 
diagram E2(n): E2 = 3 x lo4. Using these values we obtain 

a,,, = 0.1 x 10- l~  cm, v = 100, 77; = lop4 x 0.33 << 7;. (23)  

So, the scale factor evolution law is 

a = 0.1 x 10-'~(1+ 10077~) cm. ( 2 4 a )  

Using figure 3 we have the law of the vacuum expectation value evolution 

f 2 =  1.98(1-0.88772). (24b)  

The symmetry restoration will take place when the scale factor changes by 

(25)  2 Aa = a , q r  = 3.3 x lo-'' cm. 

The treatment of the massless scalar field in the universe may be carried out analytically. 
Solutions of the system (6)  (formulae only for f and e s ( q )  were given by Grib and 
Mostepanenko (1979)) are 

f 2 =  1, (26a)  

(26b)  3 4  
~ ~ ( r l ) = - - ~ A a  , 
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A > 0: a = (3/2A)’12[(1 +4Rh2/3)lI2 cosh[(4A/3)”*t] - 1]1/2 

A < 0: a = (3/21Al)1’2[1 - (1 -41Alh2/3)’/2 ~0~[(4lAl/3)’ /~t]]’ /~,  

(27a) 

(27b) 

where h2 = -ka4es(77)/3. 
These formulae (24) and (27) define the non-singular cosmology. As is seen from 

(27b), when A < 0, the cosmology with oscillating scale factor will take place. Maxi- 
morum max a = amam is easily found. A qualitative analysis of equation (6b) gives 
amam = (3/lAl)1’2. The maximum of a will be -(3/lAl)’’2 too. In the limit A +  0, (27) 
transforms to a = (h2+f2)’I2. 

Note that in the massless case formulae (27) describe the evolution of the model at 
all times; as for the massless case, the energy ( E  = -;ha4) at all times of the model 
evolution remains negative. So, it is easy to check that (27) satisfy present observations. 
For instance, the Hubble constant (Weinberg 1972) at small times (i.e. when 
(41A1/3)1/2t<< 1) is H - t- l .  

Let us carry out a qualitative analysis of (6a) ,  when (18) is valid. It gives us that the 
trivial solution of (6a), f = 0, is unstable. The existence of stable non-zero vacuum 
expectation values (24b) and (26a), to which the lowest energy levels E = 3m4Eo/h and 
(26b) correspond, means that a spontaneous breakdown of a symmetry may be realised 
in the physical system. It is easy to make the following statements about the absence or 
presence of a spontaneous breakdown of symmetries. 

(A) An arbitrary symmetry is spontaneously broken if its eigenvalue is negative. 
(B) An arbitrary symmetry is conserved if its eigenvalue is positive. 
We should like to make some remarks about the point (B). There are non-zero 

vacuum expectation values in our scheme in so far as we consider an open model of the 
universe. In other words: the negative integral of the energy (7) takes place in an open 
universe, because the vacuum energy must be zero in the pseudo-Euclidean universe 
when adding a constant (it follows from experiments on observations of small, so 
pseudo-Euclidean, domains of the universe). It is necessary to add the same constant to 
the vacuum energy while regarding an open type or a close universe. We do it in order 
to normalise to a pseudo-Euclidean universe. For a massless field the vacuum energy is 
zero for a pseudo-Euclidean and a close universe, as in these cases the point f =f = 0 is 
the stable point on the phase plane of equation (6a). 

However, in spite of the existence of non-zero vacuum expectation values, i.e. the 
negative vacuum energy in an open-type universe, by reason of the point (B), the scalar 
field may exist in it with positive quantum numbers of all symmetries. (A broken 
symmetry may be arbitrary: C, P, T, CP, G, CPT and so on, depending on the concrete 
field. Several symmetries may be spontaneously broken simultaneously too.) This 
situation possibly means that there are tachyons in the theory. The physical sense of 
tachyons is not clear at present. So, we think that the discovery of those relic scalar 
particles m - g (Melnikov and Orlov 1979), when all the symmetries are conser- 
ved, can point out that the universe is not open. 
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